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We study fully synchronized states in scale-free networks of chaotic logistic maps as a function of both
dynamical and topological parameters. Three different network topologies are considered: (i) random scale-free
topology, (ii) deterministic pseudo-fractal scale-free network, and (iii) Apollonian network. For the random
scale-free topology we find a coupling strength threshold beyond which full synchronization is attained. This
threshold scales as k−µ, where k is the outgoing connectivity and µ depends on the local nonlinearity. For
deterministic scale-free networks coherence is observed only when the coupling strength is proportional to the
neighbor connectivity. We show that the transition to coherence is of first-order and study the role of the most
connected nodes in the collective dynamics of oscillators in scale-free networks.
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I. INTRODUCTION AND MODEL
Recently, intensive research on the structure and dynamics
of networks has provided insight for many systems where they
arise naturally [1, 2, 3]. Complex networks appear in a wide
variety of fields ranging from lasers [4], granular media [5,
6], quantum transport [7], colloidal suspensions [8], electrical
circuits [9], and time series analysis [10], to heart rhythms
[11], epidemics [12, 13], protein folding [14], and locomotion
[15] among others [1, 2, 3].
From the mathematical point of view, a network is a graph,
composed by nodes or vertices and by their connections or
edges [2]. When studying network dynamics one frequently
assumes a regular structure where each node evolves ac-
cording to some more or less complicated dynamics, typi-
cally fixed points [16], limit cycles [17] or chaotic attractors
[18, 19]. When studying network structure, one usually ne-
glects node dynamics and all complexity is introduced by the
way nodes are connected to each other, i.e. by the network
topology. With respect to their topology, networks are usually
divided into three large classes [2]: random networks, where
all the nodes are randomly connected [20], small-world net-
works introduced recently by Watts and Strogatz [21, 22] as
a middle ground between regular and random networks, and
the scale-free networks (e.g. Baraba´si and Albert [23]), where
growth and preferential attachment are considered.
The next logical step toward real network dynamics is to
consider simultaneously structural and dynamic complexity.
One important question addressed in this context is to know if
synchronization between oscillators in such complex topolo-
gies would appear and under which conditions it prevails. In
fact, coherent behavior of oscillator networks with complex
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topologies has been studied for the random topology [24, 25]
and small-world topology [26, 27, 28, 29]. However, apart
from a few exceptions [25, 30, 31], there is a quite general
lack of studies tackling synchronization of chaotic oscillators
in scale-free topologies.
In this paper we present detailed results concerning syn-
chronization in oscillator networks with scale-free topologies.
Our purpose is to determine under which conditions scale-free
topologies enable the emergence of coherent behavior. As a
general result, we present evidences that the transition to syn-
chronization is of first-order. Our model reads
xt+1,i = (1− ε)f(xt,i) +
ε
Ni
∑
j∈Ki
kαj f(xt,j), (1)
where i = 1, . . . , L and t label discrete space and time respec-
tively, L being the total number of oscillators, 0 ≤ ε ≤ 1 is
the coupling parameter, Ki represents the set of labels of the
neighbors of node i, ki represents the number of such neigh-
bors, and Ni =
∑
j∈Ki
kαj normalizes the interaction term in
Eq. (1). The function f(x) is a continuous function governing
node dynamics when connections are absent. Here we choose
the well-known quadratic map f(x) = 1 − ax2, where the
free parameter a is restricted to the interval −0.25 ≤ a ≤ 2
and contains all possible dynamical regimes from a fixed point
(e.g. a=0) to fully developed chaotic orbits (e.g. a = 2). The
parameter α is a real number controlling the homogeneity
in the coupling: positive values of α enhance the coupling
strength with sites having larger number of neighbors, while
negative values favor sites having less neighbors. For α = 0
the coupling between each site and its neighborhood is homo-
geneous, i.e. it is independent on the coordination.
The linear stability of the coherent states xt,i = X, ∀i is
governed by the variational equations of Eq. (1), whose diag-
onal form reads [32, 33, 34]
ξt+1,i = exp (Λ(ελi))ξt,i
= [Df(X)− ελiDf(X)] ξt,i, (2)
2where Λ(ελi) is the Lyapunov exponent, Df(X) represents
the identity matrix multiplied by the derivative of f(x) com-
puted at x = X and λi are eigenvalues of the coupling matrix
G whose diagonal values are gii = 1, while off-diagonal el-
ements are gij = −kαj /Ni if nodes i and j are coupled and
zero otherwise. If G has zero-sum rows and all its eigenval-
ues λ1 ≤ λ2 ≤ · · · ≤ λL are real, then λ1 = 0 corresponds
to the mode parallel to the synchronization manifold and the
largest Lyapunov exponent defines a master stability function
[32]. The coherent state is stable whenever Λ(ελi) < 0 for
i = 2, . . . , L [32, 33, 34]. In our case, it is easy to check
that indeed G have zero-row sum, yielding λ1 = 0 and all its
eigenvalues are real, since det(G− λI) = det(G¯− λI) where
G¯ is a symmetric matrix, namely G¯ = HKLKH with L being
the Laplacian of the network [32, 35], and matrices H and K
being the diagonal matrices with elements Hii = N−1/2i and
Kii = k
α/2
i respectively.
From Eq. (2), taking into account the ordering of the eigen-
values λi, one easily concludes that the stability condition for
chaotic maps reads
1− exp (−λ¯)
λ2
< ε <
1 + exp (−λ¯)
λL
, (3)
where λ¯ is the Lyapunov exponent of the local map. In partic-
ular there is a range of coupling strengths enabling synchro-
nizability if λL/λ2 < (1 + e−λ¯)/(1− e−λ¯) holds. Therefore,
by computing the eigenvalues of the Laplacian matrix one is
able to find the range of couplings for which coherent states
are stable. For more detailed results see Ref. [36].
Instead of starting from coherent states and studying their
stability to perturbations, in this paper we consider large sam-
ples of random initial configurations and study how much and
under what conditions they converge toward a coherent state.
This procedure not only reveals the existence of stable solu-
tions but also gives a rough measure of its basin of attraction.
Earlier results [25] show a transition to full synchronization
for two particular values of the nonlinearity a in the homo-
geneous regime (α = 0), when either the coupling strength
or the number of outgoing connections are varied. Here, we
show that the threshold value of such a transition as a func-
tion of coupling strength and outgoing connectivity obeys a
power-law with an exponent that depends on the nonlinear-
ity. We study not only the usual random scale-free network
of Baraba´si and Albert [23], but also deterministic scale-free
networks constructed in an iterative way [37, 38, 39]. De-
terministic scale-free networks are analytically easier to han-
dle [37, 40]. Deterministic networks are applied for instance
in spin systems [39], and geographical and social networks
[39, 41].
We consider in Section II the homogeneous coupling
regime for the random scale-free topology. In Section III we
extend our results to two deterministic scale-free networks,
namely a pseudo-fractal network [38] and an Apollonian net-
work [39]. Discussion and conclusions are given in Section
IV.
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FIG. 1: Typical histogram of the standard mean square amplitude
deviation σ2 as a function of the coupling strength ε, showing the
transition to coherence for a sample of 500 initial random config-
urations. Here N represents the fraction of configurations, and we
discarded transients of 104 time steps and fixed nonlinearity a = 2,
connectivity k = m0 = 8, and number of nodes L = 1000, and
α = 0. The base of the logarithm is 10.
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FIG. 2: Typical histogram of the standard mean square-deviation
log
10
σ2 as a function of connectivity k, for ε = 0.95, a = 2, α = 0
and L = 1000. The same conditions and initial configurations of
Fig. 1 were used.
II. RANDOM SCALE-FREE NETWORKS
Random scale-free networks share with many real net-
works, e.g. the World Wide Web, two generic mechanisms:
growth and preferential attachment [2]. In this Section, we
use the algorithm of Baraba´si and Albert [2, 23] to construct
the network: starting with a small number of nodes, say m0,
fully interconnected with each other, one adds iteratively a
new node with k new edges, which connect randomly the new
3node with previous nodes, depending on their own number of
connections. As a general feature, one finds [2] a connectiv-
ity distribution which follows a power law with an exponent
γ = 3, independently on m0 and k. After a certain number of
iterations, ones has a network with L nodes, and then we place
chaotic maps at the nodes, according to Eq. (1), and observe
if they synchronize or not after some transient.
A suitable approach to study synchronization of chaotic os-
cillators on an arbitrary network topology [25] is to compute
the standard mean square-deviation
σ2t =
1
L
L∑
i=1
(xt,i − x¯t)
2 , (4)
where x¯t is the average amplitude at a given time step t. As
one easily sees, all the nodes are synchronized at the same
amplitude whenever σ2 is zero within numerical precision,
i.e. σ2 ∼ 10−30. We call these fully synchronized states co-
herent states, to distinguish them from partially synchronized
configurations, when several different clusters of nodes with
the same amplitude are observed [16].
In a previous work by Jost and Joy [25], concerning lattices
of coupled maps with different coupling topologies, a tran-
sition to coherence between chaotic maps was found, when
considering the Baraba´si-Albert network, occurring for par-
ticularly high coupling strengths, typically of the order of
εc ∼ 0.9. Our simulations have shown that these transitions
occur after discarding transients of ∼ 104 time steps and they
do not change significantly with the network size. Moreover,
this transition to coherence is robust with respect to initial con-
figurations.
Figure 1 shows a typical histogram of the standard mean
square-deviation as a function of the coupling strength ε, com-
puted from a sample of 500 initial configurations, and fixing
L = 1000, a = 2, and k = m0 = 8. From the histogram,
one clearly sees the sharp transition to coherence and also its
robustness to initial configurations, since for each coupling
strength all the final configurations have approximately the
same standard mean square-deviation. In particular, above
the threshold εc ∼ 0.9, all initial configurations converge to-
ward a coherent state, indicating that in this parameter region
the basin of attraction of coherent states fills almost the entire
phase space. These two features, sharp transition to coher-
ence and robustness with respect to initial configurations, are
also observed when varying the connectivity k, as illustrated
by Fig. 2. Both Figs. 1 and 2 were drawn fixing one of the
parameters, ε or k. Our simulations show that for the fully
chaotic regime (a = 2) the transition to coherence occurs for
gradually smaller coupling strength if the connectivity k is in-
creased. Figure 3a illustrates this fact, plotting the fraction
Nσ=0 of initial configurations which converge to a coherent
state. One sees a clear transition to coherence. Computing
similar histograms for other values of a, smaller then a = 2,
and projecting them in the (ε, k) plane one observes similar
transition lines in ranges with smaller coupling strengths. Fig-
ure 3b illustrates this fact by plotting the threshold values,
εc and kc, at the transition curves for (from bottom to top)
a = 1.5, 1.6, 1.8, 1.7, 1.9 and 2, in the same conditions as in
 5
 10
 15
 20
 25
 30
 35
 40
k
 0
 0.2
 0.4
 0.6
 0.8
 1
ε
 0
 0.2
 0.4
 0.6
 0.8
 1
Nσ=0
(a)
Coherent
Noncoherent
0 10 20 30 40 50
kc
a=1.5
a=2
a=2
a=1.5
0.2
0.4
0.6
0.8
1
εc
2 2.5 3 3.5 4
log(kc)
−2
−1.6
−1.2
−0.8
−0.4
0
log(εc)
1.4 1.6 1.8 2a
0.17
0.19
0.21
0.23
0.25
µ
(b) (c)
0.877 0.8780.667 0.668 0.669 ε
−30
−20
0
lo
gσ
2
0 5 10 15k
(e)
(d)
ε=0.9
ε=0.8
k=20
k=10
FIG. 3: Transition to coherence as a function of connectivity k
and coupling strength ε. (a) Fraction Nσ=0 of coherent states
from 500 random initial configurations for a = 2. (b) Coher-
ence transition curves in the (ε, k) plane for (from bottom to top)
a = 1.5, 1.6, 1.8, 1.7, 1.9 and a = 2, and (c) the same transition
in a log-log plot (base 10), showing power-law dependence between
connectivity and coupling strength for the transition curves, with an
exponent µ which depends on the value of a (see inset). Here α = 0,
L = 1000 and we used transients of 104 time steps. By increasing
the transient size to ∼ 106 one sees clearly that the transition to co-
herence is of first-order either (d) when varying the coupling strength
ε or (e) when varying the outgoing connectivity k.
Fig. 3a. For all these values of a, the single uncoupled map
shows chaotic orbits, or at least the orbits have very large pe-
riods τ > 104. Note that the curve for a = 1.8 is below
that for a = 1.7; this slight discrepancy is due to the fact that
for a = 1.8 the amplitudes of the logistic map vary (chaot-
ically) in a smaller interval than that observed for a = 1.7.
4As illustrated in Fig. 3c, all curves obey, within our statistical
precision, a power-law,
εc ∝ k
−µ
c . (5)
For the six values of a above, the exponents are respectively
µ = 0.2345, 0.2354, 0.2353, 0.2231, 0.2023 and 0.1804. In
other words, the exponent is almost constant below a ∼ 1.7
and decreases above this value, as illustrated in the inset of
Fig. 3c.
In order to determine the nature of the transition to coher-
ence seen in Fig. 3a, we show in Fig. 3d a high-resolution plot
of Nσ=0 as a function of ε for different connectivities. Here
one clearly sees a well-defined jump indicating that the tran-
sition to coherence is of first-order. One also observes first-
order phase transitions when the outgoing connectivity k is
varied (see Fig. 3e). That transitions are indeed of first order
is easily recognized by the clear existence of hysteresis: when
increasing either ε or k the configuration eventually falls into
a coherent state, no longer spontaneously desynchronizing, no
matter how far the parameters are tuned back.
In this Section we only consider the case of homogeneous
coupling (α = 0). Forα > 0, when the coupling to nodes with
large number of neighbors is strengthened, we find transitions
to coherence similar to the ones illustrated in Fig. 3, occurring
at weaker coupling strengths.
As a general conclusion one could say that, although the ex-
ponent γ of the power-law distribution of connections charac-
terizing scale-free networks does not depend on the outgoing
connectivity k [23], synchronization behavior is quite sensi-
tive to this quantity.
III. DETERMINISTIC SCALE-FREE NETWORKS
In the previous Section we focused on random scale-free
networks, i.e. growing networks where new nodes are con-
nected following probabilistic rules. Although this stochastic-
ity is typical for real networks, it is more difficult to handle
analytically [37]. In this Section we study a different type of
networks: deterministic scale-free networks [37, 38, 39].
In particular, we use two different deterministic topologies,
namely the pseudo-fractal scale-free network introduced by
Dorogovtsev et al [38], which is similar to the first determin-
istic scale-free network proposed by Baraba´si et al [37], and
was recently applied, e.g. to studies of opinion formation [41],
and the Apollonian network introduced by Andrade et al [39].
The pseudo-fractal network of Dorogovtsev is obtained,
starting from three nodes interconnected with each other, and
at each iteration each edge generates a new node, attached to
its two vertices. Figure 4a illustrates this network after three
iterations, i.e. with three generations of nodes. With such a
construction the number of nodes Ln and the number of con-
nections Mn increases as [38]
Ln =
3
2
(3n + 1) , (6a)
Mn = 3
n+1 , (6b)
where n is the number of iteration steps (generations). More-
over, at iteration n the number of nodes with degree k =
(a)
  
  


(b)
FIG. 4: Illustrations of two deterministic scale-free networks: (a) the
pseudo-fractal network [41], and (b) the Apollonian network [39].
Identical symbols label nodes belonging to the same generation n
(see text), namely © for n = 0,  for n = 1 and • for n = 2.
2, 22, . . . , 2n−1, 2n and 2n+1 is equal to 3n, 3n−1, . . . , 32, 3
and 3 respectively, yielding a power-law distribution with ex-
ponent γ = 1 + ln 3/ ln 2 ≃ 2.585.
The Apollonian network has a construction algorithm dif-
ferent from the pseudo-fractal network: one starts with three
interconnected nodes, defining a triangle. At n = 0 one puts
a new node at the center of the triangle, joined to the three
other nodes, and thus defining three new smaller triangles. At
iteration n = 1 one adds at the center of each of these three
triangles a new node, connected to the three vertices of the
triangle, defining nine new triangles; at iteration n = 2 one
adds one new node at the center of each of these nine trian-
gles, and so on (see Fig. 4b). With this construction procedure
one obtains a deterministic scale-free network [39], where the
number of nodes Ln and the number of connections Mn are
given respectively by
Ln =
1
2
(3n+1 + 5) , (7a)
Mn =
3
2
(3n+1 + 1) . (7b)
At iteration n, the number of nodes with degree k =
3, 3 · 2, 3 · 22, . . . , 3 · 2n−1, 3 · 2n and 2n+1 is equal to
3n, 3n−1, 3n−2, . . . , 32, 3, 1 and 3 respectively, yielding a
power-law distribution with the same exponent γ as the one
found for the pseudo-fractal network.
From Fig. 4 and the description above, one easily concludes
that for the pseudo-fractal network the outgoing connectiv-
ity is fixed at k = 2, while for Apollonian networks one has
k = 3. Despite both networks have a small number of outgo-
ing connections, they are quite different from the geometrical
point of view. In fact, while the pseudo-fractal network has
no metric, Apollonian networks are embedded in Euclidean
space and fill it densely as n → ∞, being particularly suited
for describing geographical situations [39].
As mentioned by Baraba´si et al [37], a strong advantage
of deterministic networks is that it is often possible to com-
pute analytically their properties, for example the adjacency
matrix, whose eigenvalue spectrum characterizes the topol-
ogy [2]. A simple way to write the adjacency matrix of the
5pseudo-fractal network is
An =
[
An−1 Mn−1
MTn−1 ∅
]
Ln×Ln
, (8)
where Ln is given by Eq. (6a), MT represents the transpose
matrix of M and for each generation n = 1, 2, . . . the matrix
Mn reads
Mn =
[
Mn−1 Mn−1 ∅
∅ ∅ Bn−1
]
2·3n−1×3n
, (9)
with
Bn−1 =


A0 ∅ . . . ∅
∅ A0 . . . ∅
.
.
.
.
.
.
.
.
.
.
.
.
∅ ∅ . . . A0


3n−1×3n−1
(10)
and whose starting form is
M0 = A0 =

 0 1 11 0 1
1 1 0


3×3
. (11)
For the Apollonian network, the adjacency matrix is given
by the same recurrence of Eq. (8), but this time with
A0 =


0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

 , (12)
andMn being a matrix with (3n+5)/2 rows and 3n columns
and having in each column three non-zero elements only.
For stability analysis purposes (see Section I), one could de-
rive the Laplacian matrices directly from these adjacency ma-
trices, multiplying the adjacency matrices by −1 and adding
the appropriate number of connections of each node i along
the main diagonal.
As shown in Fig. 5, despite having quite similar struc-
tural properties [38, 39], the global dynamics of the entirely
deterministic scale-free networks shows quite different be-
havior than the one observed for the Baraba´si-Albert model
in the previous section. Namely, there is no coherence ob-
served for the fully chaotic map for a = 2. In fact, from
Fig. 5 one sees that the standard mean square-deviation never
vanishes. Instead, it is characterized by some large value
which is almost constant beyond the weak coupling regime
(ε & 0.2). In the weak coupling regime (ε . 0.2) the standard
mean square-deviation is even larger, since the coupling is not
strong enough to compensate the highly chaotic local dynam-
ics (a = 2). Our simulations have shown that this feature re-
mains valid for any transient up to 106 time steps, and it seems
to be valid for any value of a for which the quadratic map
supports chaotic orbits. One possible physical explanation for
this absence of synchronizability is that long range random
connections are crucial to improve the ability for synchroniza-
tion and, due to the deterministic construction of the network,
there are no long range connections as in the Baraba´si-Albert
scale-free network. Rigorously speaking, the absence of syn-
chronizability is valid only within the range 0 ≤ ε ≤ 1. Of
course that, as long as condition (3) holds, there is for sure
some range of coupling strengths for which the coherent states
are stable. However, since we are working with maps of the
interval, we neglect coupling strengths outside the unit inter-
val, otherwise it is not possible to guarantee convergence for
all initial configurations.
We plot the average 〈log10 σ2〉 as a function of both the
nonlinearity a and the coupling strength ε simultaneously.
Figure 6 shows this dependence for the full range of the cou-
pling strength 0 ≤ ε ≤ 1 and for nonlinearities above the
accumulation point of the first period-doubling cascade of the
quadratic map, namely a ≃ 1.411. In Fig. 6a we use a pseudo-
fractal network, while in Fig. 6b the Apollonian network is
considered. In both cases six generations of nodes are taken,
yielding a total of L = 1095 nodes for the pseudo-fractal net-
work and L = 1096 for the Apollonian network.
As can be seen from these figures, in both cases one has two
main regions: (I) a region where the standard mean square-
deviation is large and varies smoothly with the parameters and
(II) a region where the mean square-deviation is smaller but
has larger fluctuations. For the Apollonian network the irreg-
ular region is characterized by significantly smaller values for
the standard mean square-deviation.
The results observed in the histograms of Fig. 6 are some-
how surprising, since irregular variations of the standard mean
square-deviation occur for low nonlinearity and high coupling
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FIG. 5: Typical histogram of the standard mean square-deviation
log
10
σ2 for the pseudo-fractal network as a function of the cou-
pling strength ε. Similar result is obtained for the Apollonian net-
work. Nodes are ruled by the map f(x) = 1 − 2x2 and we fixed
α = 0. For the pseudo-fractal network we fixed the number of
nodes L = 1095 (6 generations of nodes), while for the Apollo-
nian network L = 1096 (6 generations of nodes). For each coupling
strength, the value N indicates the fraction of 500 initial configura-
tions, and we used transients of 104 time steps.
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Insets show that transitions to coherence are of first-order. For each network, we use ℓ = 9 generations of nodes and a = 2 fixed. The base of
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strengths, precisely where one would expect the most regular
behavior of the node dynamics. However, this irregularity is
just apparent, since 〈log10 σ2〉 is an average over a sample of
initial conditions. Whenever some initial configuration leads
to coherence the zero standard deviation decreases this aver-
age. Therefore, for a < 1.7, i.e. in the region of irregular vari-
ations of σ2, coherent solutions are observed. In fact, from the
stability condition in Eq. (3) one sees that for periodic maps,
the lower boundary of the ε-range is always negative while
the upper is positive, yielding always a finite range of cou-
pling strengths where synchronizability is possible. Since for
Apollonian networks, the fluctuations occur at small values
of the standard deviation, this means that there is probably a
larger number of coherent solutions.
Figure 6 indicates that there is a lack of coherent solutions
above a ∼ 1.7. To explain this fact one should notice that both
the pseudo-fractal and Apollonian networks have small outgo-
ing connectivities, k = 2 and k = 3 respectively. Since one
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FIG. 8: Inducing transition to coherence by varying the heterogeneity
α (see Eq. (1)) in scale-free networks. (a) pseudo-fractal network and
(b) Apollonian network. For strong heterogeneity coherence appears
beyond a relatively high coupling strength, but it disappears again
for very large couplings (see text). For each network, we use ℓ = 6
generations of nodes and fix a = 2. (c) and (d) show high-resolution
plots of σ2 as a function of ε for α = 2, emphasizing the first-order
phase transition to coherence. The base of the logarithm is 10.
also observes almost no coherent solution for random scale-
free networks neither for k = 2 nor for k = 3 (see Section
II), we believe that the outgoing connectivity k is the main
parameter controlling synchronization between oscillators in
complex networks. By choosing another deterministic scale-
free network with a higher outgoing connectivity, say k = 10,
one might see coherent solutions beyond a coupling thresh-
old value approximately similar to those computed for random
scale-free networks (see Fig. 3).
In the remainder of this section we will consider the two
deterministic scale-free topologies, and study possible ways
of inducing coherent states.
Starting from a total number of ℓ generations, one efficient
way of inducing coherence is by imposing synchronization
among a certain number of g < ℓ generations. By generation
we mean the set of new nodes appearing simultaneously at
a given iteration n, during the ‘construction’ of the network.
For instance, in the Apollonian network, the first generation
has L1 = 3 nodes, the second has L2 − L1 = 9 and the nth
generation hasLn−Ln−1 = 3n nodes. In other words, we are
interested in the collective effects when the most connected
nodes (hubs) are synchronized. We will show that, in fact,
hubs play no dominant role for the synchronization of nodes.
Figure 7 shows the standard mean square-deviation as a
function of coupling strength for pseudo-fractal (Fig. 7a) and
Apollonian networks (Fig. 7b). In each case we choose the
fully chaotic map (a = 2) and impose synchronization among
the nodes of the first g generations by setting them to be their
mean amplitude at each time-step.
For both networks, one sees from Fig. 7 that the standard
mean square-deviation remains large when synchronization is
imposed to all g < ℓ − 2 generations. Coherent solutions are
only observed for g = ℓ− 2 and g = ℓ− 1, beyond a coupling
threshold which is smaller for the latter case. Surprisingly,
for g = ℓ − 1 the transition to coherence occurs precisely for
the same coupling strength in both networks. This may be
due to the fact that, the fraction Lg/Lℓ of nodes on which one
imposes synchronization is approximately the same for both
networks. For g = ℓ−2 the pseudo-fractal network shows co-
herence only above very high coupling strengths, near ε ∼ 1,
while for Apollonian networks the threshold is much lower.
Although in this case the fraction of nodes on which one im-
poses synchronization is also similar for both networks, it is
much smaller than in the case where g = ℓ− 1. The transition
to coherence occurs at different coupling strengths because
the number of synchronized nodes is not enough to suppress
the effect of the outgoing connectivity. So, since the outgoing
connectivity is larger for the Apollonian network, its transition
to coherence occurs for weaker coupling strengths. For both
networks, one obtains similar results for any higher value ℓ of
generations since the quotient of the number of nodes between
two successive generations Ln/Ln−1 → 3 as n increases.
As a general remark, one observes from Fig. 7 that one
needs to synchronize a rather high number of generations to
induce coherence. Therefore, it seems that, dynamical col-
lective behavior on scale-free networks is quite insensitive to
hubs. As shown in the insets of Fig. 7a and 7b, the transition
to coherence is of first-order.
Another way to induce coherence in these two deterministic
scale-free networks is, instead of imposing synchronization to
the most connected nodes, to strengthen their coupling to the
other nodes by taking α > 0 in Eq. (1). Figure 8 illustrates the
transition to coherence by varying the heterogeneity α for the
pseudo-fractal (Fig. 8a) and the Apollonian network (Fig. 8b).
For both networks, one sees that coherence sets in forα & 1.5,
and only beyond a certain threshold of the coupling strength.
In particular, one observes the remarkable fact that coher-
ence appears only in an intermediate coupling range, i.e. nei-
ther to large nor to small values. This is in agreement with pre-
vious works [18] concerning other systems of coupled chaotic
oscillators, where one also observes that synchronized chaos
requires that the coupling must be neither too weak nor too
strong in order to avoid triggering spatial instabilities [21].
From Figs. 8c and 8d one observes that all these transitions to
coherence are of first-order.
8For the pseudo-fractal, the upper threshold disappears when
the heterogeneity α is further increased. However, for the
Apollonian network the upper threshold not only persists but it
shifts toward smaller and smaller coupling strengths whenα is
further increased. As far as we know, this is the first time that
one observes such behavior, and it should be related to the ge-
ometrical differences between both networks. In other words,
since Apollonian is a very particular scale-free network, being
the only one, studied so far which is embedded in Euclidean
space, this particular feature seems to enable nontrivial syn-
chronization behavior: stronger dominance in the coupling to
the most connected nodes destroys coherence.
IV. DISCUSSION AND CONCLUSIONS
In this paper we studied fully synchronized solutions for
three scale-free network topologies. The main conclusion is
the following: in random scale-free networks synchronization
of chaotic maps not only depends on the coupling strength but
is mainly controlled by the outgoing connectivity k, which
is a measure of cohesion in the networks. Because of that,
one finds coherent solutions in random scale-free networks of
fully chaotic logistic maps (a = 2) with outgoing connectiv-
ity k = 8 and homogeneous coupling, but not in determinis-
tic scale-free networks, since they have rather small effective
outgoing connectivity, namely k = 2 for the pseudo-fractal
network and k = 3 for the Apollonian network.
Therefore, although the exponent γ of connection distri-
butions in scale-free networks does not depend on the out-
going connectivity [2], we have shown that, in general, syn-
chronization of chaotic maps in such coupling topologies is
quite sensitive to it. Moreover, the transition to coherence is
of first-order, indicating a similarity with other complex net-
works [21]. In particular, the threshold values of the coupling
strength obey a power-law, Eq. (5), as function of the outgo-
ing connectivity. The exponent of this power-law depends on
the nonlinearity a of the chaotic map, being almost constant
below ac ∼ 1.7 and decreasing linearly above it. Interest-
ingly this value of ac is in the vicinity of the bifurcation of
the quadratic map where the period-3 window appears, and
coincides with the appearance of other nontrivial behaviors in
coupled map lattices with regular topologies, namely in the
velocity distribution of traveling wave solutions [42].
The synchronization criterion was based here in the square
mean standard deviation following previous studies [25]. Of
course, it could be possible to have numerically a zero stan-
dard deviation σ2 ∼ 10−30 with a particular oscillator slightly
nonsynchronized. However, in such case the deviation of the
oscillator amplitude from the rest of the network would be of
the order of 10−15, a majorant of the precision for our crite-
rion. Therefore, we believe that within this numerical preci-
sion there are no spurious results. Further investigations could
be done, implementing extensions of clustering criteria such
as, e.g., that of Pikovsky et al. [43].
For deterministic scale-free networks with homogeneous
coupling, the same value ac indicates the threshold above
which no coherent solutions are observed, independently of
the coupling strength. Above ac, coherence is observed only
for heterogeneous coupling, namely for α & 1.5. However,
for this range of values, we have also shown that coherence
is also absent either for very small or for very large coupling
strengths, due to spatial instabilities. Another particularly in-
teresting result that still needs to be explained is that, for Apol-
lonian networks, the coupling threshold beyond which coher-
ence disappears gets smaller when the heterogeneity is further
increased. This point is not observed for the pseudo-fractal
network and may be due to the geometrical differences be-
tween both deterministic networks.
As a general property, we have shown that all transitions
to coherence are of first-order. Furthermore, all results are
robust not only against changes of the initial configurations
of node amplitude but also, in random scale-free networks,
against changes of the connection network. We also presented
preliminary results indicating that in scale-free networks hubs
play apparently no fundamental role in the dynamical collec-
tive behavior, what remains to be further investigated.
Acknowledgments
The authors thank J.S. Andrade Jr., A.O. Sousa,
M.C. Gonza´lez, for useful discussions. P.G.L. thanks
Fundac¸a˜o para a Cieˆncia e a Tecnologia, Portugal, for fi-
nancial support. J.A.C.G. thanks Conselho Nacional de De-
senvolvimento Cientı´fico e Tecnolo´gico, Brazil and Sonder-
forschungsbereich 404, Germany, for financial support.
[1] S. Bornholdt and H.G. Schuster (eds.) Handbook of Graphs and
Networks (Wiley-VCH, Weinheim, 2003).
[2] R. Albert and A.-L. Baraba´si, Rev. Mod. Phys. 74, 47 (2002).
[3] S.N. Dorogovtsev and J.F.F. Mendes, Adv. Phys. 51, 1079
(2002).
[4] R. Meucci, R. McAllister, and R. Roy, Phys. Rev. E 66, 026216
(2002).
[5] J.H. Snoeijer, T.J.H. Vlugt, M. van Hecke, and W. van Saarloos,
Phys. Rev. Lett. 92, 054302 (2004).
[6] M. Otto, J.-P. Bouchaud, P. Claudin, and J.E.S. Socolar,
Phys. Rev. E 67, 031302 (2003).
[7] C. Texier and G. Montambaux, Phys. Rev. Lett. 92, 186801
(2004).
[8] H. Tanaka, J. Meunier, and D. Bonn, Phys. Rev. E 69, 031404
(2004).
[9] D.P. Almond and C.R. Bowen, Phys. Rev. Lett. 92, 157601
(2004).
[10] M. Small and C.K. Tse, Phys. Rev. E 66, 066701 (2002).
[11] I. Stewart, Nature 427, 601 (2004).
[12] Y. Moreno, M. Nekovee and A. Vespignani, Phys. Rev. E 69,
055101(R) (2004).
[13] Z. Dezso and A.L. Baraba´si, Phys. Rev. E 65, 055103 (2002).
9[14] M. Compiani, E. Capriotti, and R. Casadio, Phys. Rev. E 69,
051905 (2004).
[15] L. Zhaoping, A. Lewis and S. Scarpetta, Phys. Rev. Lett. 92,
198106 (2004).
[16] P.G. Lind, J. Corte-Real and J.A.C. Gallas, Phys. Rev. E 69,
026209 (2004).
[17] S.H. Strogatz, Physica D 143, 1 (2000).
[18] L.M. Pecora, T.L. Carroll, G.A. Johnson, D.J. Mar and
J.F. Heagy, Chaos 7, 520 (1997).
[19] C. Anteneodo, A.M. Batista and R.L. Viana, Phys. Lett. A 326,
227-233 (2004).
[20] P. Erdo¨s and A. Re´nyi, Publ. Math. Debrecen 6, 290 (1959).
[21] S.H. Strogatz, Nature 410, 268 (2001).
[22] D.J. Watts and S.H. Strogatz, Nature 393, 440 (1998).
[23] A.-L. Baraba´si and R. Albert, Science 286, 509-512 (1999).
[24] S.C. Manrubia and A.S. Mikhailov, Phy. Rev. E 60, 1579
(1999).
[25] J. Jost and M.P. Joy, Phys. Rev. E 65, 016201 (2001).
[26] T. Nishikawa, A.E. Motter, Y.-C. Lai, and F.C. Hoppensteadt,
Phys. Rev. Lett. 91, 014101 (2003).
[27] M. Barahona and L.M. Pecora, Phys. Rev. Lett. 89, 054101
(2002).
[28] L.F. Lago-Ferna´ndez, R. Huerta, F. Corbacho and
J.A. Siguenza, Phys. Rev. Lett. 84, 2758 (2000).
[29] H. Hong, B.J. Kim, M.Y. Choi, and H. Park, Phys. Rev. E 69,
067105 (2004).
[30] F.M. Atay, J. Jost and A. Wende, Phys. Rev. Lett. 92, 144101
(2004).
[31] X.F. Wang and G. Chen, IEEE Trans. Circ. Sys. I 49, 54 (2002).
[32] L.M. Pecora and T.L. Carroll, Phys. Rev. Lett. 80, 2109 (1998).
[33] K.S. Fink, G. Johnson, T. Carroll, D. Mar and L. Pecora,
Phys. Rev. E 61, 5080 (2000).
[34] S.C. Manrubia, A.S. Mikhailov and D.H. Zanette Emergence
of Dynamical Order Synchronization Phenomena in Complex
Systems, vol. 2 (World Scientific, Singapore, 2004).
[35] A.E. Motter, C. Zhou and J. Kurths, cond-mat/0406207
(2004).
[36] P.G. Lind, J.A.C. Gallas and H. Herrmann, manuscript in prepa-
ration (2004).
[37] A.-L. Baraba´si, E. Ravasz, and T. Vicsek Physica A 299, 559
(2001).
[38] S.N. Dorogovtsev, A.V. Goltsev, and J.F.F. Mendes,
Phys. Rev. E 65, 066122 (2002).
[39] J.S. Andrade Jr., H.J. Herrmann, R.F.S. Andrade, and L. da
Silva, “Apollonian networks”, cond-mat/0406295 (2004).
[40] K. Iguchi and H. Yamada, “Exactly solvable scale-free network
model”, cond-mat/0405662, 2004.
[41] M.C. Gonza´lez, A.O. Sousa, and H.J. Herrmann,
Int. J. Mod. Phys. C 15, 45 (2004).
[42] P.G. Lind, J. Corte-Real and J.A.C. Gallas, Phys. Rev. E 69,
066206 (2004).
[43] A. Pikovsky, O. Popovych and Yu. Maistrenko,
Phys. Rev. Lett. 87, 044102 (2001).
